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Abstract 

We continue a previous study on F-vertex algebras and their quasimodules. In 
this paper we refine certain known results and we prove that for any Z-graded 
vertex algebra V and a positive integer A^, the category of ^-modules is naturally 
isomorphic to the category of quasimodules of a certain type for . We also 
study certain generalizations of twisted affine Lie algebras and we relate such Lie 
algebras to vertex algebras and their quasimodules, in a way similar to that twisted 
affine Lie algebras are related to vertex algebras and their twisted modules. 

1 Introduction 

It has been fairly well known that infinite-dimensional Lie algebras such as (untwisted) 
affine Kac-Moody Lie algebras and the Virasoro Lie algebra through their highest weight 
modules can be associated with vertex operator algebras and modules (cf. |FZj . |DLj b On 
the other hand, it was known (see |FLMj . |Li2j ) that twisted affine Lie algebras through 
their highest weight modules can also be associated with vertex operator algebras and 
their twisted modules. 

In ICilKKj . Golenishcheva-Kutuzova and Kac introduced and studied a notion of F- 
conformal algebra with F a group. As it was proved therein, a F-conformal algebra 
structure on a vector space g exactly amounts to a Lie algebra structure on g together 
with a group action of F on g by automorphisms such that for any a, 6 G g, [ga, b] = 
for all but finitely many g & T. To each F-conformal algebra g, they associated an 
infinite-dimensional Lie algebra whose underlying vector space is a certain quotient space 
of g ® C[t,t~^]. Several families of infinite-dimensional Lie algebras, including centerless 
twisted affine Lie algebras and quantum torus Lie algebras (see [GKLl-2]), were realized 
in terms of F-conformal algebras, and some new infinite-dimensional Lie algebras were 
also constructed. 

In |Li3j , to associate vertex algebra-like structures to Lie algebras like quantum torus 
Lie algebras, we studied "quasilocal" subsets of B.om{W,W{{x))) for any given vector 
space W and we proved that any quasilocal subset generates a vertex algebra in a certain 
canonical way. However, the vector space W under the obvious action is not a module for 
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the vertex algebras generated by quasilocal subsets. Then a new notion of what we called 
a quasimodule naturally arose. For a vertex algebra V, a quasimodule is a vector space 
W equipped with a linear map Y^y from V to Hom(iy, W{{x))) satisfying the condition 
that Yw{l, x) = 1 and for u,v E V, there exists a nonzero polynomial p{xi,X2) such that 



In terms of this notion, any vector space is a quasimodule for the vertex algebras 
generated by quasilocal subsets. Taking ly to be a highest weight module for the quantum 
torus Lie algebra we obtain a vertex algebra with W as a quasimodule. 

For a vertex algebra V, the notion of quasimodule is intrinsically related to the notion 
of twisted module (with respect to a finite order automorphism). As we mentioned before, 
highest weight modules for twisted affine Lie algebras are naturally twisted modules for the 
vertex operator algebras associated to untwisted affine Lie algebras. It was showed in |Li3j 
that highest weight modules of fixed level for a twisted affine Lie algebra, which is viewed 
as an invariant subalgebra of the untwisted affine Lie algebra, are naturally quasimodules 
for the vertex algebras associated to an untwisted affine Lie algebra. Motivated by these 
two facts, in |Li4j , by using a result of Barron, Dong and Mason |BDMj , we established 
a canonical connection between twisted modules and quasimodules for general vertex 
operator algebras. 

Let be a vertex operator algebra and let a be an order- automorphism of V. 
For a (j-twisted l^-module W, the vertex operator map Yw, a linear map from V to 
Hom(iy,iy((xi/^))), satisfies the following invariance property 



Set r = (cr) C Autl^ and let : F — > is the group embedding determined by 0(cr) = 
exp(27ri/A^). We call a quasimodule {W, Yw) for V a (F, (p) -quasimodule if for any u,v E 
V, there exists a nonnegative integer k such that the quasi- Jacobi identity holds with 
p{xi,X2) = {x^ — X2Y ^^"i such that the following invariance property holds: 



What was proved in jLi4j is that the category of (weak) cr-twisted V^-modules is naturally 
isomorphic to the category of (F, (/))-quasimodules for V . 

In |Li3j . partially motivated by the notion of F-conformal algebra in |GKKj we formu- 
lated and studied a notion of F- vertex algebra. For any group F, a F- vertex algebra can 
be equivalently defined as a vertex algebra V equipped with two group homomorphisms 




Yw{av, x) 



lim Yw{v^x) ioTvEV. 



Yw{gv, x) = lV(0((7)^(°)t;, <P{g)x) ioiveV.gE V. 



R:V ^ GLiV), : F ^ C 



X 
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such that = 1 for G r and 

RgY{v, x)R-' = Y{RgV, <P{g)-'x) for ger,veV. 

Let F be a Z-graded vertex algebra with L(0) the grading operator and let F be a group 
of automorphisms of Z-graded vertex algebra V. Let : F — be any group homomor- 
phism. Define Rg = (f>{g)~^^^''g for g eT. Then V becomes a F- vertex algebra. 

In this paper, we formulate and study a notion of quasimodule for F-vertex algebras. 
For a F-vertex algebra V, a l^-quasimodule IV is a quasimodule for V viewed as a vertex 
algebra such that for any u,v G V, the quasi- Jacobi identity holds with p{xi,X2) = 
{xi — aiX2) ■ ■ ■ {xi — arX2) for some ai, . . . , a,. G 0(F) C and such that 

Yw{RgV, x) = Yw{v, 4>{g)x) for v eV, g e F. 

Note that for any vector space W, the group acts on the space llom{W,W{{x))) 

by 

Rxa{x) = a{Xx) for a{x) G Hom(iy, W{{x))), A G C"". 

Let F be a subgroup of C^. A subset S of }iom{W,W{{x))) is said to be F-local (see 
GKKj ) if for any a(x), b{x) G S, there there exists ai, . . . , G F such that 



{xi - 0:1X2) ■ ■ ■ {xi - arX2)[a{xi), b{x2)] = 0. 

By refining a result of |Li3j . we prove that every F-local subset of Hom(I1/, W{{x))) gen- 
erates a F-vertex algebra with ly as a quasimodule. We also obtain an analogue of 
Borcherds' commutator formula for quasimodules. 

A conceptual result of Barron, Dong and Mason |BDMj is that for any vertex operator 
algebra V and for any positive integer N, the category of (weak) ^/-modules is canonically 
isomorphic to the category of (weak) cx-twisted I/®'^-modules, where cr is a permutation 
automorphism of V^^ . In this paper we show that for any Z-graded vertex algebra V and 
for any positive integer N, a I^-module structure on a vector space W exactly amounts 
to a quasimodule structure for V'^^ viewed as a F-vertex algebra with F = ((12 ■ ■ ■ N)), 
where (12- --A^) denotes the permutation automorphism of . This result can be 
considered as a version of Barron, Dong and Mason's theorem in terms of quasimodules. 

As we mentioned earlier, Golenishcheva-Kutuzova and Kac gave a construction of 
infinite-dimensional Lie algebras from F-conformal algebras (in the sense of |GKKj ). In 



this paper, we slightly extend their construction with a central extension being included. 
Let g be any Lie algebra equipped with a symmetric invariant bilinear form (■,■). Asso- 
ciated to the pair (g, (■,■)), one has the untwisted affine Lie algebra = 0® C[t, t~^] © Ck 
(see |Klj ). Let F be a group of automorphisms of g, preserving the bilinear form, such 
that for any a,b E g, 

[ga, b] = 0, {ga, b) = for all but finitely many (7 G F, 

let : F — ^ be any group homomorphism. We construct a Lie algebra g[F] as a quotient 
space of 0. Furthermore, we prove that the category of "restricted" ^[Fj-modules of level i 
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is canonically isomorphic to the category of quasimodules for V^{i, 0) viewed as a F- vertex 
algebra, where g is a certain Lie algebra with g = q for an injective homomorphism. We 
also extend Golenishcheva-Kutuzova and Kac's notion of F-conformal algebra to include 
higher order singularity. 

Note that extended affine Lie algebras (cf. [SI, 2], |MYj . |AABGP] ) form a relatively 
large family of Lie algebras, including finite-dimensional simple Lie algebras, (twisted 
and twisted) affine Lie algebras, toroidal Lie algebras, and quantum torus algebras. As 
these special extended affine Lie algebras have been associated with vertex algebras f |FZj . 
|BBSj . |Li3p . our naive hope is that every extended affine Lie algebra can be realized as 
a generalized twisted affine Lie algebra ^[F], so that all the extended affine Lie algebras 
can be associated with vertex algebras and quasimodules. 

This paper is organized as follows: In Section 2, we reformulate and refine certain re- 
sults on F-vertex algebras and quasimodules. In Section 3, we give a natural isomorphism 
between the category of ^-modules and a certain subcategory of quasimodules for V'^^ . 
In Section 4, we study certain generalizations of twisted affine Lie algebras and we relate 
them with vertex algebras and quasimodules. 



2 F-vertex algebras and their quasimodules 



In this section we reformulate the notion of F-vertex algebra of |Li3j and we define a 
notion of quasimodule for a F-vertex algebra. Certain results of |Li3j are refined and an 
analogue of Borcherds' commutator formula is obtained. 

We first recall from |Li3j the notion of quasimodule for a vertex algebra V, which 
generalizes the notion of module. A V- quasimodule is a vector space W equipped with a 
linear map 

Yw-.V }iom{W,W{{x))) C (End W)[[x,x-^]] 

satisfying the condition that Yw[l,x) = 1 and for u,v G V, there exists a nonzero 
polynomial p{xi,X2) such that 

Xq^6 ( — — — ] p{xi,X2)Yw{u, Xi)Yw{v, Xa) 



Xo 



X2 — Xi 



-Xq S — j p{xi,X2)Ywiv,X2)Ywiu,xi) 

= x^'^S ( — — — ] p{xi, X2)Yw{Y{u, Xo)v, X2). (2.1) 

\ X2 J 

Lemma 2.1. Let V be a vertex algebra. A V -quasimodule {W,Yw) is a V -module if and 
only if for u^v G V , Yv/{u,x) and Yv/{v,x) are mutually local in the sense that 

{Xi - X2)^Yw{u,Xi)Yw{v,X2) = (xi - X2)'^Ywiv,X2)Ywiu,Xi) 

for some nonnegative integer k, depending on u and v. 
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Proof. We only need to prove the "if" part. For u,v gV, there exists a nonzero polyno- 
mial p{xi,X2) such that (j2.1|) holds. Using the delta-function substitution we have 

p{xo + X2,X2) 

Xo^(^ ''^w{u,Xi)Yw{v,X2) -Xo^5 Yw{v,X2)Yw{u,Xi] 

= p{Xo + X2,X2)X2^6 {— — —)Yw{Y{u,Xo)v,X2). (2.2) 

\ X2 J 

As Yw{u,x) and Yw{v,x) are mutually local, the second factor of the left-hand side of 
()2.2|1 involves only finitely many negative powers of xq. Recall from [Li3' the natural 
field-embedding 

^Xl ,X2 

: C{xi,X2) C((a;i))((x2)), 

where C{xi,X2) denotes the field of rational functions. Then we multiply both sides of 
()2.2|1 by Lx2,xo{^ / p(yXo + X2,X2)), obtaining the usual Jacobi identity. Thus (1^, Yiy) is a 
\^-module. □ 

Let r be a group which is fixed throughout this section, and denote by the group 
of nonzero complex numbers. 

Definition 2.2. A T-vertex algebra is a vertex algebra V equipped with group homomor- 
phisms 

R:T ^ GL{V); g ^ Rg (2.3) 
: r ^ C'' (2.4) 

such that Rg{l) = 1 ioY g E T and 

RgY{v,x)R;' = Y{Rg{v),<j){g)-'x) for geT,ve V. (2.5) 



In view of f jLiSj . Theorem 6.5), this notion is equivalent to the notion of F- vertex 
algebra defined in [Li3 . 

Example 2.3. Let V be a Z-graded vertex algebra in the sense that is a vertex algebra 
equipped with a Z-grading V = Yinez ^(n) ^'^^h that 

Denote by L{0) the grading operator, i.e., 

L{0)v = nv for v G V(„), n G Z. 

Let F be a group of grading-preserving automorphisms of V and let (f) be any group 
homomorphism from F to C^. Define R:T^ GL(y) by 

Rg{v) = <P{g)-''^'\gv) higer,ve V. (2.6) 

From |Li3j . V becomes a F- vertex algebra. 
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Remark 2.4. Let be a F- vertex algebra and let g G keri?. We have Y{v,x)l = 
Y{v, (j){g)^^x)l for v &V. Thus e^^v = e'^^^^ ^'^v. If P 7^ 0, or equivalently, if V is not 
a classical commutative associative algebra, we have (f){g) = 1. That is, if P 7^ 0, we have 
keri? C ker0, so we can replace F by the quotient group F/keri? with a faithful action 
on V. 

Definition 2.5. Let V be a F-vertex algebra. A V -quasimodule is a quasimodule (W^ Yw) 
for V viewed as a vertex algebra, satisfying the condition that 

Yw{RgV. x) = Yw{v, <P{g)x) for geV.veV, (2.7) 

and for u,v & V , there exist ai, . . . ,ak G 0(F) C such that 

{xi - 01X2) ■ ■ ■ (xi - akX2)\Yw{u,Xi),Yw{v,X2)] = 0. (2.8) 

Remark 2.6. Let \^ be a vertex operator algebra in the sense of |FLMj and let a be an 
order- automorphism of V. Set F = (a) and let be the group homomorphism from F 
to C^, defined by 0(cr) = exp[27ri/N). Consider \^ as a F-vertex algebra as in Example 
12.31 It was proved in |Li4j that the category of weak a- twisted ^-modules is isomorphic 
to the category of quasimodules for V viewed as a F-vertex algebra. 

Now, let W he a general vector space. Set 

S{W) = Rom{W,W{{x))) C (End W)[[x,x-^]]. 

A subset S of S(W) is said to be quasi-localii for any a(x), h{x) G S, there exists a nonzero 
polynomial p(xi,X2) such that 

p{xi, X2)a{xi)h{x2) = p{xi, X2)b{x2)a{xi). (2.9) 

Let F be a subgroup of C^. Following |GKKj . we say a{x), b{x) G S(W) are V-local if 

(xi — 0:1X2) ■ ■ ■ (xi — ar.X2)a(xi)6(x2) = (xi — 01X2) ■ ■ ■ (xi — arX2)h{x2)a{xi) (2.10) 

for some Oi, . . . , a,. G F. A subset S of £{W) is said to be V-local if every pair in S is 
F-local. 

Remark 2.7. Note that 8{W) is naturally a vector space over the field C((x)). On the 
other hand, we define a group action of on £(W) with a G acting as Ra by 

Rc,a{x) = a{ax) for a(x) G S{W) (2.11) 

(cf. jGKKj ). Notice that for any quasi-local subset S of S(W), the subspace spanned by 
Ra{S) for a G is also quasi-local. Consequently, every maximal quasi-local subspace 
of S(W) is closed under the action of C^. 
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Assume that a{x), h{x) G £{W) are quasi-local. Notice that the commutativity relation 
flTT?|) implies 

p{xi, X2)a{xi)b{x2) G Hom(iy, X2))). 

We define 

Y£{a{x),Xo)b{x) = L^^^o{l/p{x + Xo,x))Res^^x^^6 [ {p{xi,x)a{xi)b{x)) 



Xi 

= ix,xo{l/p{x + xo, x)) x)a{xi)h{x)) \x^=x+xo- 

Write 

Y£{a{x),Xo)h{x) = a(x)„&(x)xQ 

A quasilocal subspace f/ of S{W) is said to be closed (under l^) if 

a(x)„6(x) for a{x),b{x) e U, n e Z. (2.12) 

Remark 2.8. For every a G C^, y^^"''(a(x), xo)fe(a;) was defined in |Li3j . where 

Y^°\a{x),xo)b{x) = L^^xo{^/p{ax + xo,x)) {p{xi,x)a{xi)b{x)) \xi=ax+xo- 

It was proved f |Li3j . Proposition 3.9) that 

Y^°'\a{x),Xo)b{x) = Ys{a{ax),a~^Xo)b{x). 

It is clear that a quasilocal subspace U of S{W) is closed under all the operations F^^"^ 
for a G r (a subgroup of C^) if and only if U is closed under Y£ and closed under the 
action of F. 

Theorem 2.9. Let W be a vector space over C and let T be a subgroup of . For any F- 
local subset S of £{W), there exist closed V-local subspaces K of £{W) with the following 
property 

{Iw} U S C K, Raa{x) = a{ax) e K foraeV, a{x) G K, (2.13) 

among which the smallest subspace is denoted by {S)r- Furthermore, let V be any closed 
T-local subspace of S{W) such that 

Iw & y md Raa{x) = a{ax) G V for a G F, a{x) G V. 

Then (V, Iw, Ys) carries the structure of a T-vertex algebra with W as a quasimodule 
where Yw{a{x),xo) = a(xo) for a{x) G V. 

Proof. By ((Li3j, Corollary 4.7), there exists a (unique) smallest F-local subspace {S)r, 
that contains Iw and 5* and that is closed under Y^"'^ for a G F. From Remark l2.8| (5')r 
is also the smallest F-local subspace that is closed under Ys and under the action of F. 
This proves the first assertion. 
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For the second assertion, with V being F-local, V is quasilocaL By Theorems 6.3 and 
6.5 of |Li3j ■ (V, Iw, Ye) carries the structure of a F- vertex algebra with W as a quasimodule 
where lV(a(x),Xo) = a(xo). For a e F, a(x) G V, we have 

Yiy(-Rao(x), Xo) = Yw{a{ax),Xo) = a{axo) = Yw{a{x), axo). 

Thus, {W, Y]y) is a V^-quasimodule. □ 

Remark 2.10. Notice that for F = {1} (the trivial group), F-locality becomes the usual 
locality (cf. |Lilp . Assume that a{x),b{x) e S{W) are local, i.e., there exists a nonnega- 
tive integer k such that 



Then 



{xi — X2)''a{xi)b{x2) = {xi — X2)''b{x2)a{xi). 
Y£{a{x),xo)b{x) 

XQ''Res^^x^^6 I ^ + ^0 j ((3,^ - x)''a{xi)b{x)) 



Xi 



RbSxiXq ^6 ( ) Xq ^ ((xi — x)''a{xi)b{x)) 

— ReSaj^Xg ^(5 I j Xq ((xi — x)'^a(xi)6(x)) 

ReSxj^XQ^S I — I (xi — x)~'^ ((xi — x)'^a(xi)6(x)) 

— ReSa,^XQ ^(5 I ^ J (—X + xi)^'^ ((xi — x)'^6(x)a(xi)) 



ReSa;i ( a^o ( ~ J a(xi)6(x) — Xq I ] b{x)a{xi 



which agrees with the definition given in |Lilj . Also, for F = {!}, a quasimodule is simply 
a module. Thus Theorem 12.91 generalizes the corresponding result of |Lilj . 



Proposition 2.11. Let V be a T-vertex algebra and let W be a vector space equipped with 
a linear map Yw from V to £{W) such that Yy/i^^x) = Iw- Set 

V = {Yw{v,x) \veV}c S{W). 

Then (W,Yw) carries the structure of a V -quasimodule if and only if V is (piT) -local, 
closed, and the map Yw is a homomorphism of vertex algebras from V to (V, Iw, Yg) 
such that 

Yw{RgV, x) = Ywiv, (f){g)x) for g eT. 

Proof. It was proved f |Li3j . Proposition 5.4) that (W, Y]y) carries the structure of a quasi- 
module for V viewed as a vertex algebra if and only if V is quasi-local and closed, and Y^ is 
a vertex-algebra homomorphism from V to {V, Iw, Y^). Then it follows immediately. □ 
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Proposition 2.12. Let V be a T-vertex algebra. Denote by J the ideal of V generated 
by the elements RhV — v for h G ker C F, v & V and set V = V/J (the quotient vertex 
algebra). Then ker0 acts trivially on V and V is a T / ker (p-vertex algebra with injective 
group homomorphism from T/ ker (p to . Furthermore, for any V-quasimodule {W, Yw), 
Yw{u,x) = for u E J and W is naturally a V-quasimodule. 

Proof. For g eT, He keKp, v &V, we have 

Rg{RhV -V) = Rghg-lRgV " RgV G J, 

as ghg^^ G ker0. From |LLj . J is linearly spanned by all the coefficients of the formal 
series 

Y{u,x){RhV — v), Y{RhV — v,x)u 

for h G ker 0, m, f G V. As RgY{a, x)h = Y{Rga, (j){g)x)Rgb for g eT, a,b E V, it follows 
that J is stable under the action of F. From definition, ker acts trivially on V. Then 
the ffist assertion is clear. Now let (H^, Fvy) be a V-quasimodule. For h G ker0, v eV, 
we have 

Yw{RhV,x) = Yw{v,(f){h)x) = Yw{v,x). 

Thus RhV — f G kerYiy for h G keKp, v E V. As Y^y is a homomorphism of vertex 
algebras fProposition 12. 1 1 j) . kerYiy is an ideal of V. Consequently, J C ker IV- Then W 
is naturally a V-quasimodule. □ 

For quasimodules we have the following analogue of Borcherds' commutator formula: 

Proposition 2.13. Let V be a T-vertex algebra and let {W,Yw) be a V-quasimodule. Let 
ip : 0(F) T be any section of (p. Foru,v G V, we have 

— j YwiY{R^(^a)U, a"^Xo)f , 2:2), (2. 14) 

which is a finite sum. 



Proof Set V = {Ywiv,x) \ v E V} C £{W). By Proposition l2Tn V is 0(F)-local and 
closed and IV is a vertex-algebra homomorphism from V to {V ,lw,Y£). Recall from 
|Li8j (Corollary 3.12) that if a{x),b{x) E S(W) satisfy the following relation 



{xi - 01X2) ■ ■ ■ {xi - arX2) '''[a{xi), 6(0:2)] = 0, 

where ai, . . . ,ar are distinct nonzero complex numbers and ki, . . . ,kr are nonnegative 
integers, then 

Y£{a{Px),Xo)b{x) e£{W)[[xo]] for /3 ^ {«!,..., 

and 

[a(xi),6(x2)] = J2 Ye{a{Px2),f3-'xo)b{x2). (2.15) 

9 



(Note that Y^^\a{x) , Xo)b{x) = Y^{a{(3x), (3 ^XQ)b{x).) For u,v gV, using the fact that 



Yy/ is a vertex-algebra homomorphism, we get 



[Yw{u,xi),Yw{v,X2)] 

^ Res^^x^^d { ^^'^^_^^^ ^ {Y£{Yw{u,(3x),(3~^xo)Yw{v,x)) 



\X=X2 



/3e</.(r) 



) {Y£(Yw{R^(,{/3)U,x),P~^Xq)Yw{v,x)) 

ReSj.oX^^5 (^^-^jj— {Y{R^^(3)U, P~'^xo)v, X2) , 



/3e9i(r) 

which is a finite sum. □ 

Corollary 2.14. Let V be a T-vertex algebra with a faithful action of T . Suppose that 
V has a faithful quasimodule. Then V must be abelian and (p : T ^ is injective. 
Furthermore, for any u,v & V, 

Y{RgU,x)v G V^[[x]] for all but finitely many g (2-16) 

or equivalently, 

[Y{RgU, Xi), Y{v, X2)] = for all but finitely many g E T. (2-17) 

Proof. Let (W, Y]y) be a faithful V^-quasimodule. Let g G ker 0. Then 

Y]y{RgV,x) = Yw{v,x) for all v & V. 

It follows that Rg = 1. As r acts faithfully on V, we have g = 1- This proves that is 
injective. Consequently, F is abelian. 
For u,v E V, g eT, we have 

Yw{Y{RgU,xo)v,x) = Y£(Yw{RgU,x),xo)Yw{v,x) = YsiYwiu, (f){g)x), xo)Yw{v, x). 

As it was mentioned in the proof of Proposition I2.13| 

Ys(Yw{u, (f){g)x), xq)Yw{v, x) G £^(iy)[[a;o]] for all but finitely many g eT. 

Thus 

Yw{Y{RgU, Xo)v, x) E S{W)[[xo]] for all but finitely many g ET. 
Since Yw is injective, the second assertion follows immediately. □ 
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3 Relation between 1/- modules and -quasi mod- 
ules 



In this section, we prove that for any Z-graded vertex algebra V and any positive inte- 
ger N, l^-module structures on a vector space W one-to-one correspond to quasimodule 
structures for viewed as a F- vertex algebra. In view of |iLi4j . this can be considered 



as a version of a theorem of Barron, Dong and Mason |BDMj in terms of quasimodules. 
The following is a simple result which is useful in application: 

Lemma 3.1. Let V be a T-vertex algebra and let {W, Yw) be a quasimodule for V viewed 
as a vertex algebra. Assume that S is a generating subset of V as a vertex algebra such 
that {Yw{u,x) \ u E S} is (f)(T)-local and 



Then {W, Yw) is a V -quasimodule. 

Proof. As {W, Yw) is a quasimodule for V viewed as a vertex algebra, V = {Y\y{v, x) \ v E 
V} is a closed quasilocal subspace of S(W), containing 1^, and Y^ is a vertex-algebra 
homomorphism from V to (F, l^y, l^). Set S = {Y]y{u,x) \ u & S} C V. Since S 
generates as a vertex algebra, S generates as a vertex algebra. With S being 0(r)- 
local, from Theorem 12.91 V is 0(r)-local. Set 



It remains to to prove K = V. Clearly, {1} U S C K. Let u,v E K, g E T, w E W. 
There exist nonzero polynomials f{xQ,x) and g{xo,x) such that 

/(xo, x)YwiY{RgU, (f){gy^Xo)RgV, x)w = /(xq, x)Yw{RgU, (pigy^xo + x)YwiRgV, x)w, 
g{xo, x)Ywiu, xo + (f){g)x)Ywiv, (l)ig)x)w = g{xo, x)YwiY{u, xo)v, (f){g)x)w. 

Then 



f{xQ, x)g{xo, x)Yw{RgY{u, xo)v, x)w 
= /(xo, x)g{xo, x)Yw{Y{RgU, (j){g)'^xo)RgV, x)w 
= /(xo, x)g{xo, x)Yw{RgU, (pigy^xo + x)Yw{RgV, x)w 
= f{xo, x)g{xo, x)Ywiu, xq + (f){g)x)Ywiv, (t){g)x)w 
= /(xo, x)g{xo, x)YwiY{u, Xo)v, 0(fi')x)w, 



Yw{Rg{u),x) = Yw{u, (f){g)x) forgeT, ue S. 



(3.1) 



K = {veV\ YwiRgV, x) = Yw{v, (f){g)x) for g E T}. 



from which we obtain 



Y]y{RgY{u, Xo)v, x)w = Yw(Y{u, Xo)f , (p{g)x)w. 



It follows that K is closed. As S generates V, we must have K = V. 



□ 
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Let V he a. Z-graded vertex algebra and let iV be a fixed positive integer. From |FHLj , 
we have a tensor product vertex algebra V'^^ , which is naturally Z-graded. Let a be the 
permutation automorphism of V"®^ defined by 

hTv\...,v^ G V. Set 

T={a) C Aut(V^®^). 

Let : F ^ be the group homomorphism defined by 0(cr) = exp(27ri/A^). Denote by 
Fjv the group of nth roots of unity: 

Ftv = {exp(27rzr/A^) | r = 0, . . . , - 1} c . 

We identify as a vertex subalgebra of V'^^ through the map 

yi— i>t;(g)l(g)---(g)l. 

Then a^{V), j = 0, . . . , N — 1, are mutually commuting graded vertex subalgebras and 
V^^ = ®fSoa^iV). For ^ G F, we define 

Rga = (t){g)-^^^^ g{a) for ^ G F, a e V®^ . 

In view of Example 12.31 V"*^^ becomes a F-vertex algebra. With all these notations we 
have: 

Theorem 3.2. Let {W^ Yw) be a V®^ -quasimodule. Denote by Yw the restriction map of 
Yw to V . Then {W,Yw) is a V -module. On the other hand, for any V -module {W,Yw), 
the linear map Yw from V to Hom(14^, W{{x))) can be extended to a linear map Yw from 
V'^^ to B.om{W,W{{x))) such that {W,Yw) is a V®^ -quasimodule. Furthermore, such 
an extension is unique. 

Proof. Let (PF, Yw) be a l^'^^-quasimodule. Then (PF, Yw) is a quasimodule for V (a 
vertex algebra). For m, f G V, G F with (7 7^ 1, we have 

Y{g{u),x)ve{V®'')[[x]]. 

Using this property and Proposition 12.131 we get 

\Yw{u,xi),Yw{v,X2)] 
= Res,,x^'6 f ^^3)x2 + Xo \ Y^(Yi<p{g)-^^'^giu), <P{g)^'xo)v, x^) 



Xi 



= Res^gX^ ^6 y ^^ J Yw{Y{u, xo)v, X2). 
It follows that 

{xi - X2)''[Yw{u, xi), Yw{v, X2)] = 
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for any nonnegative integer k with x''Y{u,x)v G ^[[x]]. In view of Lemma l2.ll (W^, Yvf) 
is a V-module. 

For the other direction, first we prove the uniqueness. Suppose that a l^-module struc- 
ture Yw on W is extended to a l^'^^-quasimodule structure Yw By ( |Li3j . Proposition 
5.4), Yw is a vertex-algebra homomorphism. For g eT, v E V, we have 

Ywigv, x) = Yw{(p{g f^%, = lV(</)(^7)^(°)t;, <P{g)x). (3.2) 

Since giV), g eT, generate V'^^ as a vertex algebra, the uniqueness is clear. 
Now it remains to establish the existence. For G F, set 

U[g] = {Yw{<p{g)''^°^v,(l){g)x) \veV}c }lom{W,W{{x))) = SiW). 

Furthermore, set 

u = J2u[g]cS{w). 

For u,v eV, G C^, there exists a nonnegative integer k such that 

(Xi -X2)'=[yT^(«^(°)M,Xi),yiy(/3^(°)t;,X2)] = 0. 

Consequently, 

(xi - a~^(3x2)''[Yw{a^^'^\,axi),Yw{(3^^'^^v,(3x2)] = 0. (3.3) 

It follows that U is FAr-local. By Theorem 12. 9^ U generates a Fat- vertex algebra {U)rpf 
with as a FAr-quasimodule. Furthermore, for every g E T, from ()3.3|1 U[g] is local, so 
from |Lilj . U[g] generates a vertex algebra with W a.s a module, where for u,v E V, 

Ye{Yw{4>{gf^''>u, <P{g)x), xo)lV(0((?)^(°)t;, 0(^/)x) 
= Res^.xo ^5 lV(0(^)^Wu, <p{g)xr)Yw{<P{gf'^'^v, <P{g)x) 

\ Xo J 

-Res.,x^'5 (^^) Yw{H9)''^%,<P{g)x)Yw{<P{g)'^^'\Mx,) 

= Res,,x^'6 (^^) ny(F(0(<7)^W«, ^{g)xo)M''^%, m^) 

= yH'(0((7)^(°)F(M,xo)t;,0(^?)x). 

This shows that the linear map 

fg-.V ^ U[g] C (f/)r, V ^ Yw{(P{g)''^%A{9)x) 

is a vertex-algebra homomorphism. Furthermore, if g ^ h, with the relation ()3.3j] it 
follows from ( |Li3j . Proposition 4.8) that for a(x) G U[g], b{x) G f/[/i], 

[F£(a(x),xi),F£(6(a;),a;2)] = 0. 
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Then vertex-algebra homomorphisms fg {g G F) give rise to a vertex-algebra homomor- 
pliism YiY from V'^^ to {U)rr^- Consequently, W is a. quasimodule for V^®^ viewed as a 
vertex algebra, where for v E V, € F, 

Yw{g{v),x) = Yw{(P{g)''^%,Mx). 

For g,h eT, v E V, we have 

YwiH9)-''^'^9ih{v)),x) = Yw{<P{g)-'^^'^gh{v),x) 

= Y^{ct>{hf^'^^.4>{9h)x) 
= Ywih{v),(f){g)x). 

By Lemma Em W is a. quasimodule for V^^ viewed as a F- vertex algebra. □ 



4 Certain generalizations of twisted affine Lie alge- 
bras 

In this section we extend the results of Golenishcheva-Kutuzova and Kac (see |GKKj ) 
on a certain generalization of the construction of twisted affine Lie algebras. We show 
that restricted modules for such generalized twisted affine Lie algebras are quasimodules 
for vertex algebras associated with (untwisted) affine Lie algebras. We also formulate a 
notion of F-conformal Lie algebra, which extends the notion of F-conformal Lie algebra 
nf [HKK]. 

First we prove the following simple result: 

Lemma 4.1. Let K be a Lie algebra equipped with a (possibly zero) symmetric invariant 
bilinear form (■,•). Assume that a group F acts on K by automorphisms preserving the 
bilinear form such that for any u,v E K , 

[gu, v] = 0, {gu, v) = for all but finitely many (7 G F. 

Define a new multiplicative operation [■, -Jp on K by 

[u,v]t = ^[gu,v] (4.1) 

for u,v E K. Then the subspace linearly spanned by the vectors gu — u for g eT, u E K 
is a two-sided ideal of the new nonassociative algebra and the quotient algebra which we 
denote by K/T is a Lie algebra. Define a bilinear form {■, •)r on K by 

{u, v)r = ''^^{gu, v) for u,v E K. 
Then (■, ■)r naturally gives rise to a symmetric invariant bilinear form on K/T. 
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Proof. Let g gT, u,v,w E K. We have 

[gu -u,v]r = ^[hgu,v] - ^[hu,v] = ^[ku,v] - ^[hu,v] = 0. 
her her ker her 

Using the assumption that F acts on K by automorphisms, we have 

[^,w]r = Y^[g~^v,u] = ^g'^[v,gu] = - ^g'^[gu,v], 
ger ger ger 

from which we get 

[u,v]r + [v,u]r = ^{[gu,v] - g-^[gu,v]). 

Furthermore, we have 

[u, [v,w]r]r - [v, [u,w]r]r - [[u,v]r,w]r 

= ^ [gu, [hv, w]] - ^ [hv, [gu, w]] - ^ [[hgu, hv],w] = 0. 
g,her g,her g,her 

From these the first assertion follows. 

For the second assertion, for G F, u,v E K, we have 

{gu - u, v)r = ^{h{gu -u),v) = ^{hgu, v) - ^{hu, v) = 0. 
her her her 

The bilinear form (■, ■)r is symmetric as 

{v,u)r = ^{gv,u) = ^{g'^u,v} = {u,v)r. 
ger ger 

For h eT, u,v,w E K, we have 

{hu, hv)r = ''^^{ghu, hv) = ''^^{h^^ghu, v) = {u, v)r 
ger ger 



and 

{[u,v]r,w)r= ^{g[hu,v],w) = ^ {[ghu, gv],w) = {ghu,[gv,w]) = {u,[v,w]r)r- 
g,her g,her g,her 

From these the second assertion follows. □ 

Remark 4.2. Let F be a finite group acting on a Lie algebra K by automorphisms. 
Then the assumption in Lemma (4. II automaticallv holds. On the one hand, we have the 
F-invariant Lie subalgebra (the set of F-fixed points) and on the other hand, we have 
the Lie algebra K/T. It is straightforward to show that the linear map ip : K ^ 
defined by ip{u) = 'Yligerd'^ gives rise to a Lie algebra isomorphism from K/T onto . 
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Remark 4.3. In [GKK^, Golenishcheva-Kutuzova and Kac studied a notion of r-conformal 
algebra and they proved that a r-conformal algebra structure on a vector space g exactly 
amounts to a Lie algebra structure together with a group action of F on g by automor- 
phisms such that for any m, w G g, [gu, v] = for all but finitely many (7 G F. Furthermore, 
a loop-like (or current-like) Lie algebra was associated to every F-conformal algebra to- 
gether with a group homomorphism from F to C^. 

The following proposition extends a result of |GKKj with a central extension included 
(with a different proof): 

Proposition 4.4. Let q be a (possibly infinite- dimensional) Lie algebra equipped with a 
symmetric invariant bilinear form {■,■), let T be a subgroup o/Aut(g, (■,■)) and let 4> be 
any group homomorphism from F to . Assume that for a,b & g, 

[ga, b] = and {ga, b) = for all but finitely many g (4-2) 

Define a bilinear multiplicative operation [■, -Jr on the vector space g C[t, t^^] © Ck by 

[a ® r + ak, 6 ® r + /3k]r = 'P^gT ([^?«, b] ® r+" + m{ga, 6)5„.+„,ok) (4.3) 

for a, 6 G 0, m,n EZ, a,f3 E C Then the subspace linearly spanned by the elements 

(j){gnga(^t"')-{a(^t"') for g e T , a e g, m e Z (4.4) 

is a two-sided ideal of the nonassociative algebra and the quotient algebra which we denote 
by g[r] is a Lie algebra. 

Proof. Associated to the pair (g, (■,■)), we have the (untwisted) affine Lie algebra 

fl = 0® C[t,r^] ©Ck, (4.5) 
where k is central, and for a, 6 G g, m, n G Z, 

[a ® r , 6 ® r] = [a, b] © + m6m+nfi{(^, b)k. (4.6) 

Let F act on g by 

g{a © + Pk) = (t){gT{ga © t") + /3k 

for 5f G F, a G 0, m G Z, /3 G C. It is straightforward to see that F acts on g by 
automorphisms. Furthermore, for any a, 6 G g, m,n E Z, a, /? G C, we have 

[gia © r + «k), 6 © r + /3k] = ct^i^gT {[ga, h] © r+" + m5.m+nfi{ga, h)k) = 

for all but finitely many g E T . Now it follows immediately from Lemma 14.11 with 
K = g. □ 
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Remark 4.5. Let g, (■, ■) be given as in Proposition 14.41 ^ind let a be an order auto- 
morphism of g, preserving the bihnear form (-, ■). Extend a to an automorphism of Lie 
algebra g by 

cr(u (g) t'" + ak) = exp{-2mTci/N){a{u) (g) f^) + ak 

for M G fl, m G Z, a G C. The twisted affine Lie algebra g[a] (see |Kljj) can be realized 
as the (T-fixed point subalgebra of q. Set T = (a) C Aut(0, (■, ■)) and let be the group 
embedding of T into defined by 0(cr") = exp(— 2?27ri/A^). We let T act on g as in the 
proof of Proposition I4.41 Clearly, g[a] is also the F-invariant subalgebra. In view of this 
and Remark |4.2[ Lie algebras g[r] are generalizations of twisted affine Lie algebras. 

Remark 4.6. Let q, (■,■), F, be given as in Proposition 14.41 Set H = ker0 C F, a 
normal subgroup. In view of Lemma l4.H we have a Lie algebra g/H equipped with a 
symmetric invariant bilinear form {■,-)h- Then we have the (untwisted) affine Lie algebra 
g/H. On the other hand, T/H naturally acts on the Lie algebra q/H by automorphisms 
and (j) reduces to a group embedding of T/H into C^. In view of Proposition 14.41 we have 
a Lie algebra QJl)[r/H]. 

We have: 

Proposition 4.7. Let g, (■, ■), F and be given as in Proposition^^ and set H = ker C 

F. The Lie algebra g[F] is isomorphic to the Lie algebra (g/if)[F/if]. 

Proof. It is straightforward. □ 

Remark 4.8. We here review the Z-graded vertex algebras associated (untwisted) affine 
Lie algebras. Let g be a Lie algebra equipped with a symmetric invariant bilinear form 
(■, ■) and let q be the associated affine Lie algebra. For a G g, form the generating function 

a(x) = y^a(n)3:~"~\ 

ngZ 

where a{n) is an alternative notation for a ® f^. Lie algebra g is naturally Z-graded 
= UnGzflW, where 

m = © Ck, g(„) = g O t"" for n 7^ 0. 

Set 

fl(<0) = fl ® © Ck, g(+) = fl © t-^C[t-\ 

Let £ be a complex number and let Q = C be the 1-dimensional g(<o)-module with g©C[t] 
acting trivially and with k acting as scalar £. Form the induced module 

V-,{1,Q) = U{q) ©t/(g,<,„)Q, 

which is naturally an N-graded g-module (of level t). Set 1 = 1 © 1 and identify g as a 
subspace through the map a ^ a(— 1)1. In fact, g is exactly the degree-one subspace. It 
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was known (cf. [FZ], [Lia], [LL]) that there exists a (unique) vertex algebra structure on 
Vg{i,0) with 1 as the vacuum vector and with Y{a,x) = a{x) for a G g. Furthermore, 
vertex algebra Vg(£, 0) satisfies the following universal property (cf. [F]): Let be a 
vertex algebra and let / be a linear map from q to V such that for 0,660, 

/(a)o/(6) = /([a,6]), f{a),f{b)=i{a,b)l, and /(a)„/(6) = forn > 2. 

Then / can be extended (uniquely) to a vertex-algebra homomorphism from Vg{i,0) to 
V. Let a G Aut(g, (-, ■)), that is, a is an automorphism of Lie algebra g, which preserves 
the bilinear form. Then a extends canonically to an automorphism of the Z-graded 
vertex algebra Vg{i,0). For any subgroup F of Aut(0, (■,■)) and any group homomorphism 
: F C"", Vg(£, 0) is a F- vertex algebra with Rg = (j){g)~^^°'>g for g eV. 

The following is the main result of this section: 

Theorem 4.9. Let g be a Lie algebra equipped with a symmetric invariant bilinear form 
(-, ■) . Let T be a subgroup of Aut(5, (■, ■)) such that for a,b & q, 

[ga, b] = and {ga, b) = for all but finitely many G F. 

Let be any group homomorphism from F to and set H = ker0 C F. Then any 
restricted module W of level i for Lie algebra g[T] is a quasimodule for V^{i, 0) viewed 
as a V-vertex algebra with lV(a, x) = aw{x) for a E 3, where a denotes the image of a in 
q/H under the natural quotient map. On the other hand, any quasimodule {W,Yw) for 
Vj^^^{l,Q) viewed as a V-vertex algebra is a restricted module of level £ for Lie algebra 
q[T] with aw{x) = Y]y{a,x) for a G g. 

Proof. Let W he a restricted ^[Fj-module of level i. For a G g, form the generating 
function 

aw{x) = ^^x-"-^ G £iW), 



where a{n) denotes the operator on W, associated to the image of a ® t"^ in ^[F]. Set 

U = {awix) I a G 0} C £{]¥). 

For a, 6 G 0, we have 

[aw{x,),bw{x2)] = ^[ga,b]w{x2)x^'6 (^^) +H9a,b)^^x^H (^^f^) • (4.7) 

It follows that U is 0(F)-local. By Theorem 12. 91 ?7 generates a 0(F)-vertex algebra {U)^(^r) 
with as a faithful quasimodule where Yw{(y{x),Xo) = a{xo) for a{x) G (f/)0(r)- As for 
h E H = ker 0, 

{ha)wix) = (j){h)aw{(j){h)x) = aw{x), 
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we have a linear map from q/H into {U)^^r), sending a to aw{x) for a G g. Furthermore, 
for a, 6 G we have 

[Yw {awix),Xi),Ywibwix),X2)] 
= [aw{xi),bw{x2)] 



^[ga,b]w{x2)x^^6 i 



' + i{ga,b}^—x^ 5 ' 



X\ I ' dx2 V X\ 



Comparing this with Proposition 12 . 1 3l we obtain 

aw{x\bw{x) = ^[/la, 6]i4/(x), aw{x)ibw{x) = i''^{ha,b)lw, 
0'w{x)nbw{x) =0 for n > 2. 

In view of Remark 14. 81 there exists a (unique) vertex-algebra homomorphism from V^{i, 0) 
to (t/)(/,(r), sending a to a]v{x) for a G g. It follows from Lemma IXD that is a quasi- 
module for V^-^^^(£, 0) viewed as a vertex algebra with Y\Y{a,x) = aw{x) for a G g. For 
(7 G r, a G g, we have 

Yw{Rga,x) = (p{gy^Yw{ga,x) = (p{gy^{ga)w{x) = aw{(pig)x) = Ywia,(l){g)x). 

Now it follows from Lemma 13.11 that is a quasimodule for ^-^/^-j 0) viewed as a 
F-vertex algebra. 

On the other hand, let (W^, Y^y) be a quasimodule for V^-^^^(£, 0) viewed as a T/H- 
vertex algebra. For a G g, set aw{x) = Yw{a,x). For (? G F, a G g, we have 

{ga)w{x) = Yw{ga,x) = Yw{ga,x) = (f){g)Yw{a,(j){g)x) = (l){g)aw{(pig)x). 

Notice that for m, t> G g, with u,v E ^QJi)i^^ 0)' have 

uqv = [u,v] = ''^^[hu,v], uiv = i{u,v)l = ''^^ i{hu,v)l, UnV = for n > 2. 

h£H heH 
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For a, 6 G fl, using Proposition 12. 13l we have 

[aw{xi),bw{x2)] 
= [Ywia,xi),Yw(b,X2)] 

= ^ Res^pX]"^^ f 4>{9)x2 + Xo \ Yw(Y{Rga, (l){g)~^xo)b, X2) 
ger/H V ^1 y 

Xi J 8x2 V ^1 



5:y,,(M.x.).rM (^) + «{s«.'')^-r'i (^) 



It follows that is a restricted ^[rj-module of level £ with uw{,x) = Yw{u, x) for m G g. □ 

Example 4.10. Let F be a group as before. We define an associative algebra glr with a 
basis {Ea,i3 | a,/? G F} such that 

Ea,i3 ■ Ex,f, = Sp^xEa,f, foT a, /9, A, /i G F. (4.8) 

Equip glr with a bilinear form (-, ■) defined by 

{Ea,p, Ex,^,) = (^a.M'^AA for «, /?, A, ;U G F. (4.9) 

Clearly, this form is nondegenerate, symmetric and associative (invariant). For any asso- 
ciative algebra A equipped with a nondegenerate symmetric invariant bilinear form (-, ■), 
the tensor product associative algebra A glr has a nondegenerate symmetric invariant 
bilinear form with 

(a (g) Ea^p, b (g) Ea,m) = (a, &)(^a,/3, ^a,m) = Sa,^^Sp,x{a, b) (4.10) 

for a, 6 G A, a, /5, A, /i G F. The bilinear form is still invariant with A ® glv viewed as a 
Lie algebra. Then we have a (generalized) affine Lie algebra 

A®~glr = {A®glr)®<C[t,r^]®a^. (4.11) 

Let F act on A® glr by 

Tg{a ® K,/3) = a® Ega,gf3 for g,a,P eV, a e A. (4.12) 

Clearly, this defines an action of F on A ® glr by automorphisms and for g E T, Tg 
preserves the bilinear form. Let (p be any group homomorphism from F to C^. Set 

Rg = M~% forger. (4.13) 
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It is clear that for any u,v G gl-p, 

[RgU,v] = and {RgU,v) = for all but finitely many g eT. (4-14) 

In view of Proposition 14.41 we have a Lie algebra A® (7/r[r]. By Theorem 14. 9[ any re- 
stricted module W of level i for A ® fi'^r[r] is naturally a quasimodule for some vertex 
algebra. Now, let F = be a free abelian group of rank k and let h = {hi, . . . , hk) G k'^. 
Define a group homomorphism 0^ from z'^ to by 

0a(ni,...,nfc) =e-^('^i"i+-+'^^"'^-). (4.15) 

We have a Lie algebra gl^k[Z^]. This is the Lie algebra Af^ (with central extension) in 
[GKL1.2] (cf. tGKKj ). 

Remark 4.11. Let be a vertex operator algebra in the sense of |FLMj and |FHLj . let 

F be a group of automorphisms of V and let : F — >^ be a group homomorphism. 
View y as a F- vertex algebra as in Example 12.31 Let {W, Yw) be a l^-quasimodule. For 

5^ G F, as g{uj) = u, we have 

RgU = <P{g)-'^^'^gicu)=^ig)-'uj, 

recalling that u is the conformal vector of V. Then 

Yw{uj,x) = (j){gfYwiuj,(j){g)x). 

If (f){g) is not a root of unity for some g E T, then Yw{uj,x) = 0. Thus if V is simple 
with 7^ and if (j){g) is not a root of unity for some g E T, V does not have a nonzero 
quasimodule for V viewed as a F-vertex algebra. Nevertheless, as we show by examples in 
the next Remark, there are nontrivial quasimodules for V viewed just as a vertex algebra. 

Remark 4.12. Consider the simple Lie algebra si subalgebra of gloo (= glz) in 

the obvious way. Let K be the linear span of T^sln+i for m G Z, that is, K is linearly 
spanned by 

-^i+m,j+mj Ei+m,i+m -^j+m,j+m 

for l<i^j<n+l, mGZ. Then ii" is a Lie subalgebra of gloo with Z as a group of 
automorphisms. Let be any injective group homomorphism from Z to C^. We have a 
Lie algebra K[z]. By Theorem 14. 91 any restricted i^[z]-module of level £ G C is naturally a 
quasimodule for V^(^, 0). With s/„+i being a Lie subalgebra of K, V"^^-^(£, 0) is naturally 

a vertex subalgebra of Vj^{£, 0). Consequently, any restricted K[z]-module of level £ G C 
is naturally a quasimodule for ^^7^(^,0) (as a vertex algebra). More generally, for any 
finite-dimensional simple Lie algebra g, one can embed g into gl^o, we can obtain nontrivial 
Vg{i, 0)-quasimodules. 
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Next, we extend the notion of r-conformal Lie algebra of |GKKj . First, recall that a 
conformal Lie algebra |K2j . also known as a vertex Lie algebra jP] (cf. |DLMj ). is a vector 
space C equipped with a linear operator T and a linear map 

F_ : C^Hom(C,x-^C[x-i]) 

a ^ r_(a,x) = ^a„a;-"-i (4.16) 

re>0 

such that the following conditions hold for a, 6 G C: 

[T,r_(a,x)] = ^r_(a,a;), (4.17) 

y_(a, x)b = Sing (e^^F„(6, -a;)a) , (4.18) 
[y_(a, xi), F„(6, X2)] = Sing (r_(F_(a, xi - X2)b, X2)) , (4.19) 

where Sing stands for the singular part. 

Associated to a conformal Lie algebra C one has a Lie algebra C{C) (see jP|), where 

C{C) = {C ®C[t,r^])/{T®l + l®d/dt){C 0C[t,t-^]), (4.20) 

as a vector space, and for a,b & C, m, n G Z, 

Denote by p the natural quotient map from C ® C[t, onto C{C). For u & C, n & 

set 

M(n) = p(M®t") G C{C) 
and form the generating function 



U{X) 



J2u{n)x-''-' G CiC)[[x,x-']]. 
Set 

£(0+ = p(c ® c[t]), /:(C)- = p(c ® rV[r^]). 

Then /^(C)"*^ are Lie subalgebras and we have 

C{C) = CiC)^ ® C{C)- . 
Letting C{C)^ act trivially on C, we form the induced module 

Vc = U{C{C))^u{c{c)+)C. 

Set 1 = 1 1 G Vc- Identify C as a subspace of Vc through the linear map u hh^ m(— 1)1. 
There exists a unique vertex algebra structure on Vc with 1 as the vacuum vector and 
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with Y{u, x) = u{x) for M G C (see jP]). Furthermore, C generates Vc as a vertex algebra. 
It was proved in ^P^ that for any hnear map / from C into a vertex algebra V such that 

fT{u) = Vf{u), fM = f{u)J{v) for u,veC,n>0, 

f can be extended uniquely to a vertex-algebra homomorphism from Vc to V. 

An automorphism of a conformal Lie algebra C is a linear automorphism 6' of C such 
that re = er and eY_{u,x)v = Y_{e{u),x)9{v) for u,v e C. We have the following 
straightforward analogue of Lemma 14.11 

Lemma 4.13. Let C be a conformal Lie algebra and let H be a group acting on C by 
automorphisms such that for any a,b & C, Y-{hu, x)v = for all but finitely many h & H . 
Then the linear map Y^ : C Hom(C, x^"'^C[x^^]), defined by 

Y"{u,x)v = ^Y^{RhU,x)v 

heH 

for u,v E C , naturally gives rise to a conformal Lie algebra structure on the quotient 
space, denoted by C/H, of C modulo the subspace linearly spanned by the vectors Rha — a 
for h e H, a e C. 

The following notion, which is parallel to the notion of F-vertex algebra, extends the 
notion of F-conformal algebra in |GKKj : 

Definition 4.14. Let F be a group as before. A T -conformal Lie algebra is a conformal 
Lie algebra (C, F_,r) equipped with group homomorphisms 

i?:F^GL(C); g ^ Rg, 
: F 

such that for any a,b E C, 

TRg = (j){g)RgT, (4.22) 
RgY.ia, x)Rg-i = Y.iRga, <P{g)-^x), (4.23) 
Y_{Rga, x)b = for all but finitely many g eV. (4.24) 

Notice that in terms of components, (|4.23|) amounts to 

Rg{umv) = (j){g)'^+\Rgu)mRgV for m G Z. 

We have the following analogue of Proposition 14.41 

Proposition 4.15. Let T be a group and let C be a T-conformal Lie algebra. Define a 
bilinear multiplication on C ® C[t,t~^] by 

[u ®t"',v® r]r = ^Y^ ("^l 0(^7)"+' {{Rgu)iV ® (4.25) 
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for u,v G C, m,n G Z. Then the subspace linearly spanned by the elements 

T{u) (g) t"" + mu (g) t"'-\ (f){g)"'+^RgU (gt"" -u^t"" 

for g E T, u E C, m E Z is a two-sided ideal of the nonassociative algebra C ® C[t,t~^] 
and the quotient algebra is a Lie algebra, which we denote by C\r]. 

Proof. Associated to the conformal Lie algebra C, we have a Lie algebra C{C). Let F act 

on C 0C[t,t-^] by 

g{u ® t"") = (f){g)"'+\RgU ® t"") ioT g eV, ueC, mez. 
For G F, u,v & C, m, ri G Z, we have 

[g{u®t"'),g{v®t^)] = J2h\(Pigr^^^\Rgu),{Rgv)^t^-'^-' 

Furthermore, using the relation ()4.22p we have 

g{T ^1 + 1® d/dt){u(g)t"') = g{Tu ^ f" + u ^ mt""'^) 

= (j){g)"'+^RgTu ® + (t){gTRgU ® mt""-^ 

= (j){g)"'TRgU ® + (t){gTRgU ® mt""-^ 

= <P{g)-\T®l + d/dt)g{u®t'^). 

It follows that F naturally acts on the Lie algebra C{C) by automorphisms. We have 



m+n—i \ 



Now it follows immediately from Lemma f4. II with K = C{C). □ 

Lemma 4.16. Let C be a T -conformal algebra and let Vc be the associated vertex algebra. 
Then the group action ofV on C can be extended uniquely to a group action of F on Vc 
such that Vc becomes a T-vertex algebra. 

Proof. As C generates Vc as a vertex algebra, the uniqueness is clear. In the proof of 
Proposition 14.151 we have proved that for G F, the action oi g on C ® C[t,t~^], defined 
by 

g[u ® t™) = <i){g)'^+\RgU (g) f^) for u G C, m G Z, 
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reduces to an automorphism of the associated Lie algebra C{C). Clearly, g preserves the 
polar decomposition. Then g gives rise to a linear automorphism, denoted by Rg, of 
with g{l) = 1 and we have 

Rga^v = (t){g)'^^^ {Rga)mRgV for a G C, i; G Vc, m E Z. 

As C generates Vc as a vertex algebra, it follows from induction (and the Jacobi identity 
of vertex algebra Vc) that 

RgUmV = (j){g)"^~^^{Rgu)mRgV for all u,v E Vo- 
lt is easy to see that this defines a group action of T on Vc- Therefore, Vc is a F- vertex 
algebra. □ 

Let C be a F-conformal Lie algebra. Set H = ker C F. Notice that for any h E H, Rh 
is an automorphism of conformal Lie algebra C. Thus H acts on C by automorphisms. By 
Lemma [4. 131 we have a conformal Lie algebra C/H. It is clear that C/H with the natural 
F/if-action is also a F/if-conformal Lie algebra. By Lemma l4.16[ Vc/h is naturally a 
F/if- vertex algebra. We define a notion of restricted module for the Lie algebra C*[F] in 
the obvious way and for a restricted module W we define the notion aw{x) for a G C in 
the obvious way. With all these, by slightly modifying the proof of Theorem 14. 91 we have: 

Theorem 4.17. Let T be a group and let C be a T -conformal Lie algebra. Set H = 
ker0 C F. Then any restricted module W for the Lie algebra C*[F] is naturally a Vc/h- 
quasimodule with lV(a, x) = aw{x) for a E C. On the other hand, any Vc / h -Quasimodule 
W is naturally a restricted module for the Lie algebra C\r] with aw{x) = Yiy(a,x) for 
a E C. 
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